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Abstract
We discuss non-conformal gauge theories from type IIB D3-branes embedded
in orbifolded space-times. Such theories can be obtained by allowing some
non-vanishing logarithmic twisted tadpoles. In certain cases with N = 0, 1
supersymmetry correlation functions in the planar limit are the same as in the
parent N = 2 supersymmetric theories. In particular, the effective action in
such theories perturbatively is not renormalized beyond one loop in the planar
limit. In the N = 2 as well as such N = 0, 1 theories quantum corrections
in the D3-brane gauge theories are encoded in the corresponding classical
higher dimensional field theories whose actions contain the twisted fields with
non-vanishing tadpoles. We argue that this duality can be extended to the
non-perturbative level in the N = 2 theories. We give some evidence that
this might also be the case for N = 0, 1 theories as well.
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I. INTRODUCTION
In ’t Hooft’s large N limit [1] gauge theories are expected to be drastically simplified.
Thus, in this limit the gauge theory diagrams are organized in terms of Riemann surfaces,
where each extra handle on the surface suppresses the corresponding diagram by 1/N2. The
large N expansion, therefore, resembles perturbative expansion in string theory. In the case
of four-dimensional gauge theories this connection can be made precise in the context of
type IIB string theory in the presence of a large number N of D3-branes [2]1. Thus, we
consider a limit where α′ → 0, gs → 0 and N →∞, while keeping λ ≡ Ngs fixed, where gs
is the type IIB string coupling. Note that in this context a world-sheet with g handles and
b boundaries is weighted with
(Ngs)
bg2g−2s = λ
2g−2+bN−2g+2 . (1)
Once we identify gs = g
2
YM, this is the same as the large N expansion considered by ’t Hooft.
Note that for this expansion to make sense we must keep λ at a small value λ < 1. In
this regime we can map the string diagrams directly to (various sums of) large N Feynman
diagrams. Note, in particular, that the genus g = 0 planar diagrams dominate in the large
N limit2.
If the space transverse to the D3-branes in the setup of [2] is R6, then we obtain the
N = 4 supersymmetric U(N) gauge theory on the D3-branes, which is conformal. On the
other hand, we can also consider orbifolds of R6, which leads to gauge theories with reduced
supersymmetry3. As was shown in [2], if we cancel all twisted tadpoles in such models, in
the large N limit the corresponding N = 0, 1, 2 gauge theories are conformal. Moreover, in
the planar limit the (on-shell) correlation functions in such theories are the same as in the
parent N = 4 gauge theory.
In this paper we discuss non-conformal gauge theories within the setup of [2]. Such the-
ories can be obtained by allowing some twisted tadpoles to be non-vanishing. In particular,
we can have consistent embeddings of non-conformal gauge theories if we allow logarithmic
tadpoles, which correspond to the twisted sectors with fixed point loci of real dimension
two. In particular, even though the corresponding string backgrounds are not finite (in
the sense that we have logarithmic ultra-violet divergences), they are still consistent as far
as the gauge theories are concerned, and the divergences correspond to the running in the
four-dimensional gauge theories on the D3-branes.
Regularization of the aforementioned divergences can be conveniently discussed in the
context of what we refer to as the brane-bulk duality, which is a consequence of the open-
1The generalization of this setup in the presence of orientifold planes was discussed in [3].
2Note that if λ > 1, then no matter how large N is, for sufficiently many boundaries the higher
genus terms become relevant, and we lose the genus expansion. In fact, in this regime one expects
an effective supergravity description to take over as discussed in [4–6].
3The λ > 1 versions of these orbifold theories via the compactifications of type IIB on AdS5 ×
(S5/Γ) (where Γ is the orbifold group) were originally discussed in [7].
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closed string duality. In particular, in certain non-trivial N = 0, 1 cases in the planar
limit the corresponding gauge theories perturbatively are not renormalized beyond one-
loop. In fact, in this limit the (on-shell) correlation functions in these theories are the
same as in the parent N = 2 non-conformal gauge theories. In the N = 2 as well as the
aforementioned N = 0, 1 cases the brane-bulk duality is particularly simple, and implies
that the quantum corrections in the corresponding gauge theories are encoded in classical
higher dimensional field theories whose actions contain the twisted fields with non-vanishing
tadpoles. In particular, various quantum corrections can be obtained via integrating out the
bulk fields in the corresponding classical action, that is, by considering the self-interaction
of the D3-branes via the bulk fields. We give explicit computations in various N = 0, 1, 2
examples in this context, including the treatment of divergences.
We also discuss whether the brane-bulk duality can be extended to the non-perturbative
level in the aforementioned theories. In the N = 2 cases we argue that, since we are
working in the largeN limit, the low energy effective action does not receive non-perturbative
corrections. We also conjecture that this should be the case for the corresponding N = 0, 1
theories as well. In the N = 1 cases we verify that there are no non-perturbative corrections
to the superpotential in these theories in the large N limit.
The remainder of this paper is organized as follows. In section II we discuss our setup.
In section III we discuss non-conformal large N gauge theories which can be constructed
within this setup. In section IV we discuss the large N limit and brane-bulk-duality. In
sections V, VI and VII we give details of classical computations that in the context of the
brane-bulk duality reproduce quantum results in the corresponding N = 2, N = 1 and
N = 0 gauge theories, respectively. In section VIII we comment on the non-perturbative
extension of the brane-bulk duality. In section IX we give a few concluding remarks. In
Appendix A we compute the brane-bulk couplings used in sections V, VI and VII.
II. SETUP
In this section we discuss the setup within which we will consider four-dimensional large
N gauge theories in the context of brane-bulk duality. Parts of our discussion in this section
closely follow [2]. Thus, consider type IIB string theory in the presence of N coincident
D3-branes with the space transverse to the D-branes M = R6/Γ. The orbifold group
Γ = {ga|a = 1, . . . , |Γ|} (g1 = 1) must be a finite discrete subgroup of Spin(6). If Γ ⊂
SU(3)(SU(2)), we have N = 1 (N = 2) unbroken supersymmetry, and N = 0, otherwise.
We will confine our attention to the cases where type IIB on M is a modular invariant
theory4. The action of the orbifold on the coordinates Xi (i = 1, . . . , 6) on M can be
described in terms of SO(6) matrices: ga : Xi → (ga)ijXj . The world-sheet fermionic
superpartners of Xi transform in the same way. We also need to specify the action of the
orbifold group on the Chan-Paton charges carried by the D3-branes. It is described by
4This is always the case if there are some unbroken supersymmetries. If all supersymmetries are
broken, this is also true if 6 ∃Z2 ⊂ Γ. If ∃Z2 ⊂ Γ, then modular invariance requires that the set of
points in R6 fixed under the Z2 twist has real dimension 2.
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N ×N matrices γa that form a representation of Γ. Note that γ1 is an identity matrix, and
Tr(γ1) = N .
The D-brane sector of the theory is described by an oriented open string theory. In
particular, the world-sheet expansion corresponds to summing over oriented Riemann sur-
faces with arbitrary genus g and arbitrary number of boundaries b, where the boundaries
of the world-sheet are mapped to the D3-brane world-volume. Moreover, we must consider
various “twists” around the cycles of the Riemann surface. The choice of these “twists”
corresponds to a choice of homomorphism of the fundamental group of the Riemann surface
with boundaries to Γ.
For example, consider the one-loop vacuum amplitude (g = 0, b = 2). The corresponding
graph is an annulus whose boundaries lie on D3-branes. The annulus amplitude is given by
C =
∫ ∞
0
dt
t
Z . (2)
The one-loop partition function Z in the light-cone gauge is given by
Z = 1|Γ|
∑
a
Tr
(
ga
1− (−1)F
2
e−2πtL0
)
, (3)
where L0 is the light-cone Hamiltonian, F is the fermion number operator, t is the real mod-
ular parameter on the cylinder, and the trace includes sum over the Chan-Paton factors.
The states in the Neveu-Schwarz (NS) sector are space-time bosons and enter the parti-
tion function with weight +1, whereas the states in the Ramond (R) sector are space-time
fermions and contribute with weight −1.
The elements ga acting in the Hilbert space of open strings act both on the left end and
the right end of the open string. This action corresponds to γa⊗γa acting on the Chan-Paton
indices. The partition function (3), therefore, has the following form:
Z = 1|Γ|
∑
a
(Tr(γa))
2Za , (4)
where Za are characters corresponding to the world-sheet degrees of freedom. The “un-
twisted” character Z1 is the same as in the N = 4 theory for which Γ = {1}. The informa-
tion about the fact that the orbifold theory has reduced supersymmetry is encoded in the
“twisted” characters Za, a 6= 1.
A. Tadpole Cancellation
In this subsection we discuss one-loop tadpoles arising in the above setup. As was pointed
out in [2], if all tadpoles are canceled, then the resulting theory is finite in the large N limit.
However, not all tadpoles need to be canceled to have a consistent four-dimensional gauge
theory. In fact, we can obtain non-conformal gauge theories if we allow such tadpoles.
The characters Za in (4) are given by
Za = 1
(8π2α′t)2
1
[η(e−2πt)]2+da
[
Xa(e−2πt)− Ya(e−2πt)
]
, (5)
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where da is the real dimension of the set of points in R
6 fixed under the twist ga. The
factor of (8π2α′t)2 in the denominator comes from the bosonic zero modes corresponding
to four directions along the D3-brane world-volume. Two of the η-functions come from
the bosonic oscillators corresponding to two spatial directions along the D3-brane world-
volume (the time-like and longitudinal contributions are absent as we are working in the
light-cone gauge). The other da η-functions come from the bosonic oscillators corresponding
to the directions transverse to the D-branes untouched by the orbifold twist ga. Finally, the
characters Xa, Ya correspond to the contributions of the world-sheet fermions, as well as the
world-sheet bosons with ga acting non-trivially on them (for a 6= 1):
Xa = 1
2
Tr′
[
gae
−2πtL0
]
, (6)
Ya = 1
2
Tr′
[
ga(−1)F e−2πtL0
]
, (7)
where prime in Tr′ indicates that the trace is restricted as described above.
For the annulus amplitude we therefore have
C = 1
(8π2α′)2
1
|Γ|
∑
a
[Aa − Ba] , (8)
where
Aa = (Tr (γa))2
∫ ∞
0
dt
t3
1
[η(e−2πt)]2+da
Xa(e−2πt) , (9)
Ba = (Tr (γa))2
∫ ∞
0
dt
t3
1
[η(e−2πt)]2+da
Ya(e−2πt) . (10)
These integrals5 are generically divergent as t → 0 reflecting the presence of tadpoles. To
extract these divergences we can change variables t = 1/ℓ so that the divergences correspond
to ℓ→∞:
Aa = (Tr(γa))2
∫ ∞
0
dℓ
ℓda/2
∑
σa
Nσae
−2πℓσa , (11)
Ba = (Tr(γa))2
∫ ∞
0
dℓ
ℓda/2
∑
ρa
Nρae
−2πℓρa . (12)
The closed string states contributing to Aa (Ba) in the transverse channel are the NS-NS
(R-R) states with L0 = L0 = σa(ρa) (and Nσa(Nρa) > 0 is the number of such states). The
massive states with σa(ρa) > 0 do not lead to divergences as ℓ→∞. On the other hand, the
5For space-time supersymmetric theories the total tadpoles vanish: Aa − Ba = 0. (The entire
partition function vanishes as the numbers of space-time bosons and fermions are equal.) For
consistency, however, we must extract tadpoles from individual contributions Aa and Ba. Thus,
for instance, cancellation of certain tadpoles coming from Ba is required for consistency of the
equations of motion for the twisted R-R four-form which couples to D3-branes (see below).
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divergence property of the above integrals in the ℓ→∞ limit is determined by the value of
da. Given the orientability of Γ the allowed values of da are 0, 2, 4, 6. For d1 = 6 there is no
divergence in B1, so we have no restriction for Tr(γ1) = N . For da = 4 the corresponding
twisted NS-NS closed string sector contains tachyons. This leads to a tachyonic divergence
in Aa unless Tr(γa) = 0 for the corresponding ga twisted sector. Finally, the ground states
in the R-R sectors are massless, so we get divergences due to massless R-R states in the
integral in Ba for large ℓ for da = 0, 2. In such sectors in non-supersymmetric cases we
can also have tachyonic NS-NS divergences, while in supersymmetric cases we have massless
NS-NS divergences.
To avoid complications with tachyons, for now we will focus on supersymmetric theo-
ries (we will discuss non-supersymmetric cases in section VII). We must therefore consider
massless tadpoles arising for da = 0, 2. For da = 0 the corresponding integrals are linearly
divergent with ℓ as ℓ → ∞. To cancel such a tadpole we must require that Tr (γa) = 0 for
the corresponding ga twisted sector. On the other hand, if such a tadpole is not canceled,
in the four-dimensional field theory language this would correspond to having a quadratic
(in the momentum) divergence at the one-loop order. This would imply that the corre-
sponding four-dimensional background is actually inconsistent in the sense that either four-
dimensional supersymmetry6 and/or Poincare´ invariance must be broken7. This is related to
the fact that in such cases the corresponding twisted closed string states, which propagate
only in the D3-brane world-volume as they are supported at the orbifold fixed points in
R6, have inconsistent field equations (yet they couple to the gauge/matter fields describing
the low energy limit of the D3-brane world-volume theory). In fact, as was pointed out in
[2], generically uncancelled tadpoles arising in the da = 0 cases lead to non-Abelian gauge
anomalies in the corresponding D3-brane gauge theories. Thus, let us consider the follow-
ing example. Let M = C3/Γ, where the action of Γ ≈ Z3 on the complex coordinates zα
(α = 1, 2, 3) on M is that of the Z-orbifold: g : zα → ωzα (where g is the generator of Γ,
and ω ≡ e2πi/3). Next, let us choose the representation of Γ when acting on the Chan-Paton
charges as follows: γg = diag(IN1, ωIN2, ω
2IN3) (where N1 + N2 + N3 = N , and Im is an
m×m identity matrix). The massless spectrum of this model is the N = 1 supersymmetric
U(N1)⊗ U(N2)⊗ U(N3) gauge theory with the matter consisting of chiral supermultiplets
in the following representations:
3× (N1,N2, 1) , 3× (1,N2,N3) , 3× (N1, 1,N3) . (13)
Note that this spectrum is anomalous for non-vanishing N1, N2, N3 (the non-Abelian gauge
anomaly does not cancel) unless N1 = N2 = N3. On the other hand, Tr(γg) = 0 if and only
if N1 = N2 = N3. Here we should mention that not all the choices of γa that do not satisfy
Tr(γa) = 0 for da = 0 lead to such apparent inconsistencies. Thus, consider the same Γ as
6Note that if Γ ⊂ SU(3) contains a twist with da = 0, we have N = 1 supersymmetry.
7Since the corresponding twisted fields σa propagate in four dimensions, in the presence of the
tadpoles their equations of motion read ∂µ∂µσa = ca + . . . (µ = 0, 1, 2, 3, ca are the tadpoles, and
the ellipses stand for terms of higher power in σa), so that we can a priori have solutions with
broken four-dimensional Poincare´ invariance.
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above but with γg = IN . The massless spectrum of this model is the N = 1 supersymmetric
U(N) gauge theory with no matter, so it is anomaly free. In fact, for any orbifold group Γ
containing a twist ga with da = 0 we obtain an anomaly free theory only if Tr(γa) = 0 or
γa = IN . In the latter case, however, as we discussed above, the corresponding background
is nonetheless inconsistent, so we must require that for such twists Tr(γa) = 0.
Finally, let us discuss da = 2 cases. For such twists the corresponding integrals are
only logarithmically divergent as ℓ → ∞. If such a tadpole is not canceled, that is, if the
corresponding Tr(γa) 6= 0, in the four-dimensional field theory language this corresponds to
having a logarithmic divergence (in the momentum) at the one-loop order. As we will see
in the following, these logarithmic divergences are precisely related to the running in the
corresponding gauge theories, which are not conformal (even in the large N limit). Note
that the corresponding twisted closed string states now propagate in two extra dimensions,
so that the four-dimensional backgrounds are perfectly consistent - the tadpoles for these
fields simply imply that these fields have non-trivial (logarithmic) profiles in these two extra
dimensions, while the four dimensions along the D-brane world-volume are still flat (and
the four-dimensional supersymmetry is unbroken). In fact, the presence of such tadpoles
does not introduce any anomalies8. A simple way to see this for general Γ is to note that
(in supersymmetric cases which we are focusing on here) an individual twist with da = 2
preserves N = 2 supersymmetry, so that the corresponding gauge theory is anomaly free.
This then immediately implies that we do not have any non-Abelian gauge anomalies in
a theory with multiple such twists either. Indeed, such anomalies would have to arise at
the one-loop level. In the string theory language the relevant diagram is a g = 0, b = 2
diagram (the annulus) with three external lines corresponding to non-Abelian gauge fields
attached to a single boundary. Thus, if we attach two external lines to one boundary, while
the third one to another boundary, the corresponding diagram will vanish - indeed, the
Chan-Paton structure of such a diagram is given by (λr, r = 1, 2, 3, are the Chan-Paton
matrices corresponding to the external lines)
Tr (λ1λ2γa)Tr (λ3γa) , (14)
which vanishes as for non-Abelian gauge fields Tr(λr) = 0, so Tr(λrγa) = 0 as well for by
definition λr are invariant under the orbifold group action as λr correspond to the gauge
bosons of the gauge group left unbroken by the orbifold (in particular, note that λr commute
with γa). As to the aforementioned diagram with all three external lines attached to one
boundary, its Chan-Paton structure is given by
Tr (λ1λ2λ3γa) Tr (γa) . (15)
For twists with da = 2, each diagram of this type is N = 2 supersymmetric as it does
not contain any information about further supersymmetry breaking (that is, the characters
corresponding to the world-sheet degrees of freedom multiplying the Chan-Paton trace (15)
are those of an N = 2 theory), so such diagrams do not introduce any anomalies. We
therefore conclude that a theory with multiple da = 2 twists with Tr(γa) 6= 0 is also anomaly
free.
8This was shown for Γ ≈ Zm ⊗ Zn in [8] in a somewhat more complicated way.
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Thus, as we see, in supersymmetric cases we can have non-trivial twists with da = 0, 2.
Consistency of the background requires that
Tr(γa) = 0 for da = 0 , (16)
while for da = 2 we do not have such a restriction.
III. NON-CONFORMAL LARGE N GAUGE THEORIES
In this section we discuss certain large N gauge theories arising in the above setup with
some twists ga with da = 2 such that Tr(γa) 6= 0. As we have already mentioned, such
theories are not conformal. The simplest examples of such theories are those with N = 2
supersymmetry. Perturbatively such theories are not renormalized beyond the one-loop
order. We can also construct non-conformal N = 1 supersymmetric theories in this way.
In general such theories are rather complicated. However, as we will see in the following,
certain non-trivial N = 1 theories of this type have the property that in the large N limit the
leading (that is, planar) diagrams do not renormalize the gauge theory correlators beyond
the one-loop order. In fact, the corresponding correlation functions in such an N = 1 theory
are (up to overall numerical coefficients) the same as in a parent N = 2 theory.
The simplest example of an N = 2 theory is obtained if we take M = C3/Γ, where the
action of Γ ≈ Z2 on the complex coordinates zα (α = 1, 2, 3) onM is as follows: R : z1 → z1,
R : z2,3 → −z2,3 (where R is the generator of Γ). Next, let us choose the representation
of Γ when acting on the Chan-Paton charges as follows: γR = IN . The massless spectrum
of this model is the N = 2 supersymmetric U(N) gauge theory with no matter. The non-
Abelian part of this theory is not conformal, and is asymptotically free. As to the overall
center-of-mass U(1), it is free, and can therefore be ignored.
More generally, if we have twists with γa 6= IN , the gauge group generically is a product
of U(Nk) factors, and we also have matter, which can be obtained using the quiver diagrams
(see [9–11]9). There is always an overall center-of-mass U(1), which is free. Other U(1)
factors, however, run as the matter is charged under them. In the large N limit, however,
these U(1)’s decouple in the infra-red, and can therefore also be ignored10.
A. Non-renormalization Theorems in N = 1 Theories
As we have already mentioned, within the above setup we can construct non-trivial
N = 1 supersymmetric theories which are not renormalized beyond the one-loop order in the
9A T-dual description of such models can be studied in the context of the brane-box models [12].
10As was pointed out in [13,14], in some cases these U(1)’s are actually anomalous, and are broken
at the tree-level via the generalized Green-Schwarz mechanism. In particular, in cases with twists
with da = 0 we have mixed U(1)kSU(Nl)
2 anomalies. However, in the cases with matter we are
interested in here we do have running U(1)’s that are anomaly free. These U(1)’s decouple in the
infra-red in the large N limit.
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planar limit. The idea here is similar to that in [2], where it was noticed that in theories with
vanishing twisted tadpoles the planar diagrams are the same (up to overall numerical factors)
as in the parent N = 4 theory. This is because the diagrams that contain information about
supersymmetry breaking always contain twisted Chan-Paton traces Tr(γa), which vanish in
such theories. In this subsection we will consider theories where the planar diagrams are the
same as in a parent N = 2 theory in essentially the same way.
To obtain such models, consider an orbifold group Γ, which is a subgroup of SU(3) but is
not a subgroup of SU(2). Let Γ˜ be a non-trivial subgroup of Γ such that Γ˜ ⊂ SU(2). We will
allow the Chan-Paton matrices γa corresponding to the twists ga ∈ Γ˜ (which have da = 2)
not to be traceless, so that the corresponding N = 2 model is not conformal. However,
we will require that the other Chan-Paton matrices γa for the twists ga 6∈ Γ˜ be traceless.
The resulting N = 1 model is not conformal. However, in the planar limit the perturbative
gauge theory amplitudes are not renormalized beyond one loop.
The proof of this statement is straightforward. Thus, consider a planar diagram with b
boundaries (but no handles)11 with all external lines attached to a single boundary, which
without loss of generality can be chosen to be the outer boundary. Such a diagram is
depicted in Fig.1. Next, we need to specify the twists on the boundaries. A convenient
choice (consistent with that made for the annulus amplitude (3)) is given by12
γa1 =
b∏
s=2
γas , (17)
where γa1 corresponds to the outer boundary, while γas, s = 2, . . . b, correspond to inner
boundaries. Let λr, r = 1 . . .M , be the Chan-Paton matrices corresponding to the exter-
nal lines. Then the above planar diagram has the following Chan-Paton group-theoretic
dependence:
∑
Tr (γa1λ1 . . . λM)
b∏
s=2
Tr(γas) , (18)
where the sum involves all possible distributions of the γas twists that satisfy the condition
(17), as well as permutations of the λr factors (note that λr here correspond to the states
that are kept after the orbifold projections, so that they commute with all γa). Note that
the diagrams with all twists ga ∈ Γ˜ are (up to overall numerical coefficients) the same as in
the parent N = 2 theory, and therefore vanish beyond one loop. All other diagrams contain
at least one twist gas 6∈ Γ˜ with s > 1. This follows from the condition (17). This then
implies that all such diagrams vanish as
Tr(γa) = 0 , ga 6∈ Γ˜ . (19)
11Such a diagram corresponds to a (b− 1)-loop diagram in the field theory language.
12Here some care is needed in the cases where the orbifold group Γ is non-Abelian, and we have
to choose base points on the world-sheet to define the twists. Our discussion here, however, is
unmodified also in this case.
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In particular, this implies that the non-Abelian gauge couplings do not run in the large N
limit beyond one loop13. The anomalous scaling dimensions (two-point functions correspond-
ing to the wave-function renormalization) for matter fields14, the corresponding diagrams
are (up to overall numerical factors) the same as in the parent N = 2 theory, so they
are not renormalized in the planar limit. Finally, the Yukawa (three-point) and quartic
scalar (four-point) couplings are not renormalized in perturbation theory due to the N = 1
non-renormalization theorem for the superpotential.
Let us now consider a simple example of the aforementioned gauge theories. Thus, let
Γ˜ = {g˜a|a = 1, . . . , |Γ˜|} ⊂ SU(2), and let the corresponding twisted Chan-Paton matrices
γ˜a = I2N . Let us assume that g˜a act non-trivially on the complex coordinates z2, z3 on M˜ =
C3/Γ˜, while leaving the coordinate z1 untouched. Moreover, let us assume that the orbifold
group Γ˜ is Abelian, and its action on the coordinates z2, z3 is diagonal. Next, let R be a
generator of a Z2 group with the following action: R : z1,2 → −z1,2, R : z3 → z3. Note that R
commutes with g˜a ∈ Γ˜. The full orbifold group is given by Γ = {g˜a, ĝa|a = 1, . . . , |Γ˜|}, which
is also Abelian, and ĝa ≡ Rg˜a. Let the twisted Chan-Paton matrix γR = diag(IN ,−IN).
Then the theory is the N = 1 supersymmetric U(N)⊗U(N) gauge theory with chiral matter
multiplets, call them φ and χ, in (N,N) and (N,N), respectively (in the following we will
ignore the U(1) factors). Note that there is no tree-level superpotential in this theory:
Wtree = 0 . (20)
This implies that we can break the gauge group down to the diagonal SU(N) subgroup
by giving the appropriate vacuum expectation values to the fields φ and χ. The resulting
theory in the IR is then the N = 2 supersymmetric SU(N) gauge theory without matter.
In the string theory language this corresponds to moving the D3-branes off the Z2 orbifold
singularity, hence the N = 2 supersymmetry of the resulting theory.
B. Pure Supergluodynamics
Before we end this section, as an aside we would like to discuss an embedding of pure
N = 1 supergluodynamics in the setup discussed in section II. Thus, consider the orbifold
group Γ ≈ Z2 ⊗ Z2 with the generators R1 and R2 of the two Z2’s acting on the complex
coordinates zα on M = C3/Γ as follows:
Rα : zβ → −(−1)δαβzβ , (21)
13More precisely, the higher loop contributions to the gauge coupling running, which come from
the diagrams with handles, are subleading in the large N limit compared with the leading one-
loop contribution. This is analogous to what happens in theories discussed in [15]. In fact, the
techniques used there to prove that the higher loop corrections are subleading are very similar to
the one we are using here.
14Note that in such theories all matter fields are non-trivially charged under the non-Abelian
gauge subgroup.
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where R3 ≡ R1R2. Next, let the twisted Chan-Paton matrices be given by γRα = IN . The
D3-brane gauge theory is then given by the N = 1 supersymmetric SU(N) super-Yang-
Mills theory without matter (plus an overall U(1) which can be ignored). Note that the real
dimensions of the points fixed under the twists Rα are dα = 2.
The above embedding shows that at least perturbatively pure supergluodynamics pos-
sesses a discrete symmetry, which is not evident in the field theory language. Thus, we have
the Z2 ⊗ Z2 symmetry as all the interactions involving twisted closed string states must be
invariant under the orbifold group. In addition, we have a Z3 symmetry which permutes
the closed string states coming from the Rα twisted sectors. In particular, the generator θ
of this Z3 group has the following action:
θRαθ
−1 = Rα+1 , Rα+3 ≡ Rα . (22)
Thus, the Z3 subgroup does not commute with the Z2 ⊗ Z2 subgroup. Thus, R1 and θ
generate a non-Abelian discrete subgroup of SO(3), namely, the tetrahedral group T .
Thus, as we see, the perturbative large N pure superglue theory possesses a discrete Z3
symmetry. In fact, this symmetry persists even at finite N . Indeed, even the diagrams with
handles possess this symmetry as this symmetry is a symmetry of the underlying embedding
of the pure supergluodynamics into string theory via the orbifold setup. In fact, within this
setup the Z3 symmetry is a discrete gauge symmetry. Indeed, instead of Z2⊗Z2, the orbifold
group can be chosen as the full tetrahedral group T , where the generator θ of the Z3 subgroup
of T acts on the complex coordinates zα as follows: θ : zα → zα+1 (zα+3 ≡ zα). If we now
choose the twisted Chan-Paton matrix γθ = IN , then the D3-brane gauge theory is still
pure superglue. This embedding makes it evident that the Z3 symmetry is indeed a gauge
symmetry, so it might be an exact symmetry of pure superglue even non-perturbatively15.
We would like to end this subsection by pointing out one immediate consequence of
the aforementioned Z3 symmetry - both the one-loop as well as the two-loop
16 β-function
coefficients in the pure supergluodynamics are multiples of 3.
IV. LARGE N LIMIT AND BRANE-BULK DUALITY
As we mentioned in Introduction, perturbative expansion of D3-brane gauge theories
simplifies substantially in the large N limit. It is advantageous to work in the full string
theory framework, which in a way is much simpler than the Feynman diagram techniques.
(At the end of the day we will take the α′ → 0 limit, which amounts to reducing the theory
15We can identify other discrete gauge symmetries of this theory in a similar fashion. Thus,
consider an orbifold group Γ which is a subgroup of SO(3) but not a subgroup of SU(2). The
corresponding gauge theory has N = 1 supersymmetry. Note that the non-trivial twists in Γ all
have da = 2, and we can choose the corresponding twisted Chan-Paton matrices as γa = IN , so
that (upon dropping the overall U(1)) we obtain the SU(N) pure super-Yang-Mills theory. An
appropriate Abelian subgroup of Γ is then a symmetry of this theory.
16Note that beyond two loops the β-function becomes gauge dependent.
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to the gauge theory subsector.) Thus, in the string theory language there are two classes
of diagrams we need to consider: (i) diagrams without handles; (ii) diagrams with handles.
The latter correspond to closed string loops, and can be neglected as they are subleading
in the large N limit. We will therefore focus on the diagrams without handles. The latter
diagrams can be viewed as tree-level closed string graphs connecting various boundaries.
This suggests that (upon taking the α′ → 0 limit) in some cases (which we will identify
in a moment) we might be able to rewrite the perturbative expansion in the large N limit
of the corresponding gauge theories in the language where various quantum corrections in
the gauge theory are encoded in a classical higher dimensional field theory. The effective
quantum action for the four-dimensional large N gauge theory is then obtained by starting
with the corresponding higher dimensional classical action, integrating out the bulk fields,
and restricting to the gauge theory subsector17. That is, we consider the D-branes in the
background of the bulk fields that is created by the D-branes themselves18. The field theory
cut-off in this language arises precisely from the fact that, in the above setup, the twisted
closed string states have tadpoles resulting in logarithmic profiles in the extra dimensions,
and we need to regularize these profiles at the sources, that is, the D-branes, whose locations
in the extra dimensions are given by points in M.
A. Brane-Bulk Duality
The aforementioned proposal that in the large N limit various quantum corrections in
the D-brane gauge theory should in some cases be encoded in a higher dimensional classical
field theory is what we refer to as the brane-bulk duality. In this subsection we would like to
identify the cases where the brane-bulk duality is applicable as stated above. Note that the
brane-bulk duality is a consequence of the open-closed duality property of string theory. In
particular, the diagrams without handles in the transverse closed string channel can indeed
be viewed as tree-level closed string graphs connecting various boundaries. At the one-loop
order the corresponding diagram (up to external lines) is an annulus, where two boundaries
are connected by a single closed string tube. In particular, this diagram does not involve
closed string interactions. Moreover, in the field theory limit α′ → 0 contributions due to the
massive closed string states in the transverse closed string channel are always finite. That
is, these contributions correspond to heavy string thresholds. In the field theory language
they translate into subtraction scheme dependent artifacts, which arise due to a particular
choice of regularization. Thus, at the one-loop order the contributions due to massive string
modes can be absorbed into the subtraction scheme dependence, so that in the field theory
limit the brane-bulk duality indeed holds - various one-loop corrections in the gauge theory
can be computed by calculating the classical D-brane self-interaction via the massless bulk
fields.
17This way we can obtain perturbative corrections to various on-shell gauge theory correlators as
we are using an on-shell formulation of the corresponding string theory.
18Such a self-interaction in the case of strings was discussed in [16,17].
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Beyond the one-loop order, however, that is, when the number of boundaries is greater
than two, we must include closed string interactions in the transverse closed string channel.
The massive closed string states are now expected to contribute in a non-trivial way. In
particular, a priori there is no longer a clear interpretation of these contributions in terms
of thresholds. Another way of phrasing this is that at higher loop orders we can have mixed
contributions coming from both massless as well as massive states. That is, in general
the brane-bulk duality can still be formulated except that at higher loop orders it will
involve massless as well as infinitely many massive states as far as the corresponding higher
dimensional classical “field theory” is concerned. In particular, in general this classical “field
theory” is nothing but the corresponding closed string theory, so we are back to the original
open-closed string duality.
There are, however, non-trivial cases where in the large N limit the bulk closed string
theory can be consistently truncated to a field theory containing only a finite number of
massless fields. These cases are those where in the planar limit the gauge theory perturba-
tively is not renormalized beyond one loop. Thus, this is clearly the case for N = 2 theories.
In theories without matter this, in fact, holds even at finite N . In theories with matter,
however, we have running U(1)’s whose decoupling is ensured only in the large N limit.
In subsection IIIA we discussed N = 1 theories which perturbatively are not renormalized
beyond the one-loop order in the planar limit. It is clear that the aforementioned formulation
of the brane-bulk duality also holds in such theories, where, once again, various quantum
corrections in the gauge theory are encoded in a higher dimensional classical field theory
with a finite number of massless fields. In fact, in N = 2 as well as N = 1 theories the bulk
fields entering the relevant part of the corresponding higher dimensional classical action are
twisted closed string states. Indeed, at the one-loop order the diagrams involving untwisted
closed string states in the transverse closed string channel are N = 4 supersymmetric, so
that they do not contribute into the renormalization of the corresponding (on-shell) gauge
theory correlators.
To clarify the above discussion, let us give a schematic description of the above procedure
for obtaining quantum corrections in the corresponding gauge theories via the brane-bulk
duality. Thus, we start from the classical action
S = Sbrane[Φ] + Sbulk[σ] + Sint[Φ, σ] , (23)
where Φ is a collective notation for the (fractional) D3-brane world-volume fields, while
σ is a collective notation for the massless twisted bosonic (NS-NS and R-R) bulk fields;
Sbrane[Φ] is the classical four-dimensional action for the brane fields Φ, while Sbulk[σ] is the
classical higher dimensional action for the bulk fields σ (note that some of these fields such
as twisted closed string states propagate in less than 10 dimensions); finally, Sint[Φ, σ], which
is a classical four-dimensional functional (with the integral over the (fractional) D3-brane
world-volume), describes the coupling of the bulk fields to the brane fields, as well as to
the brane itself (in particular, it includes all tadpoles). Since here we are interested in one-
loop corrections in the gauge theory language, the action Sbulk[σ] contains only the terms
quadratic in σ (that is, the kinetic terms), while Sint[Φ, σ] contains only the terms linear in
σ. Moreover, the fields σ include only the twisted fields with non-vanishing (logarithmic)
tadpoles.
Next, we solve the equations of motion for σ following from the above action:
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δSbulk
δσ
= −δSint
δσ
. (24)
In particular, we are interested in the solution where the fields σ do not explicitly de-
pend on the coordinates xµ along the D3-brane world-volume, but only functionally via
Φ(xµ), ∂νΦ(x
µ), . . .; this solution, however, does in general explicitly depend on the coordi-
nates xi transverse to the D-branes. Let us denote this solution via σ. The effective quantum
action for the fields Φ in the large N limit is then given by
Squbrane[Φ] = Sbrane[Φ] + Sint[Φ, σ] . (25)
Note that σ|D3 are generically divergent, so we need to further clarify the meaning of the
second term in (25). Thus, let
J ≡ δSint
δσ
∣∣∣∣∣
Φ=0
. (26)
Note that J are independent of xµ, and, in fact, are nothing but the tadpoles for the fields
σ. If all Tr(γa) = 0 (for da = 0, 2), then there are no tadpoles for the corresponding twisted
fields (that is, the corresponding J = 0), and the large N gauge theory is finite [2]19. On the
other hand, if some Tr(γa) 6= 0 for twists with da = 2, some divergences no longer cancel,
and we need to regularize σ|D3 in (25). Note, however, that the corresponding divergences
are only logarithmic, and, in fact, correspond to the running in the four-dimensional gauge
theory, which is no longer conformal.
B. A Toy Model
In this subsection we would like to address one technical point in the context of the
brane-bulk duality, namely, the issue of regularizing the aforementioned divergences. Here
we will consider a simple toy model which possesses the main ingredients for illustrating the
regularization procedure. In fact, as we will see in the following sections, this model actually
captures all the key features of the N = 2 models as well the N = 1 models discussed in
subsection IIIA.
Thus, consider the six dimensional theory with the following action:
S = −1
2
∫
d6x ∂Mφ ∂
Mφ− a
∫
Σ
d4x O4 − bL2
∫
Σ
d4x φ O4 − cL−2
∫
Σ
d4x φ . (27)
Here φ(xM) is a six dimensional scalar field, whose dimension is (mass)2; O4(xµ) is a four-
dimensional operator with dimension (mass)4 localized on the hypersurface Σ; the couplings
a, b, c (which are assumed to be non-vanishing) are dimensionless; finally, L is a parameter
of dimension (length).
19More precisely, various U(1) factors can still run, but, as we have already mentioned, in the
large N limit they decouple in the infra-red, and can therefore be ignored.
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In the above action φ is an analog of a twisted closed string state with a non-vanishing
tadpole (the last term in (27)); Σ plays the role of a 3-brane; O4 is an analog of a dimension-
four gauge theory operator such as Tr(F 2); finally, L2 is analogous to α′.
Following the procedure described in the previous subsection, we look for a solution to
the equation of motion for φ:
∂M∂
Mφ =
[
bL2O4(y) + cL−2
]
δ(2)(z) . (28)
Here zi ≡ xi are the coordinates transverse to the 3-brane (whose location is chosen to be
zi = 0); also, we use the notation yµ ≡ xµ. It is convenient to Fourier transform to the
momentum space
φ(p, k) ≡
∫
d4y d2z eip·y+ik·z φ(y, z) , (29)
where pµ and ki are the momenta corresponding to yµ and zi, respectively. Thus, we have
the following solution
φ(p, k) = −
[
bL2
O4(p)
k2 + p2
+ (2π)4cL−2
δ(4)(p)
k2
]
. (30)
This gives
φ(p, z) = −
∫ d2k
(2π)2
e−ik·z
[
bL2
O4(p)
k2 + p2
+ (2π)4cL−2
δ(4)(p)
k2
]
. (31)
The corresponding effective quantum action on the 3-brane is then given by
SquΣ = −a
∫
Σ
d4y O4(y)− bL2
∫
Σ
d4y φ(y, z = 0) O4(y)− cL−2
∫
Σ
d4y φ(y, z = 0)
= −aO4(p = 0)− bL2
∫
d4p
(2π)4
φ(p, z = 0) O4(−p)− cL−2φ(p = 0, z = 0)
= −
[
a− bc
2π2
∫
d2k
k2
]
O4(p = 0) + b2L4
∫
d4p
(2π)4
∫
d2k
(2π)2
O4(p)O4(−p)
k2 + p2
+ . . . , (32)
where the ellipses in the last line stand for a divergent constant piece (which does not contain
the operator O4, and is proportional to c2 as it is solely due to the presence of the φ tadpole).
The second term in the last line in (32) is a non-local higher dimensional operator, and
it disappears in the L2 → 0 limit. The first term containing O4(p = 0) is the same as
that in the classical 3-brane world-volume action except for the corresponding coupling -
the quantum coupling in SquΣ is a renormalized coupling:
a˜ = a− bc
2π2
∫ k2=Λ2
k2=µ2
d2k
k2
= a− bc
2π
ln
(
Λ2
µ2
)
. (33)
Here Λ is an ultra-violet (UV) cut-off, while µ is the infra-red (IR) cut-off. In the four-
dimensional 3-brane world-volume field theory language the IR cut-off is interpreted as the
renormalization group (RG) scale at which the renormalized coupling a˜ = a˜(µ) is measured.
Thus, if in the above toy model we adapt the interpretation of the previous subsection,
from the classical dynamics of the bulk field φ we will obtain the “one-loop” renormalization
of the 3-brane world-volume field theory. In fact, in this model the 3-brane world-volume
theory is not renormalized beyond the “one-loop” order.
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V. EXAMPLES WITH N = 2 SUPERSYMMETRY
In this section we would like to apply the brane-bulk duality discussed in the previous
section to gauge theories arising in the orbifold construction discussed in section II. Here
we will focus on the simplest examples of this type, in particular, those with N = 2 su-
persymmetry. Perturbatively such gauge theories are not renormalized beyond the one-loop
order even for finite N . Thus, the brane-bulk duality in such examples can be understood
in detail20.
We described the simplest example of an N = 2 gauge theory in the above context in
the beginning of the previous section. In this example Γ ≈ Z2, and the twisted Chan-Paton
matrix γR = IN . The gauge group is U(N), and we have no matter fields. In subsection
A we discuss the brane-bulk duality in this model in the case of unbroken gauge symmetry.
We will discuss the case of spontaneously broken gauge symmetry in subsection B. Finally,
in subsection C we discuss examples with matter.
A. Unbroken Gauge Symmetry
To discuss the brane-bulk duality in this model, we need the relevant part of the classical
action containing the D3-brane as well as the bulk fields. This action has the following
form [9] (we are not including terms containing F ∧ F for we are going to be interested in
renormalization of the F 2 term)21:
S = −
∫
D3
(
a Tr [F µνFµν ] + b σ Tr [F
µνFµν ] + c σ + d ǫ
µνσρ Cµν Tr [Fσρ]
)
−
∫
D3×R2
(
1
2
∂µσ ∂µσ +
1
12
HµνσHµνσ
)
. (34)
Here σ is a twisted NS-NS scalar, while Cµν is a twisted two-form (whose field strength is
Hµνσ). We have normalized the kinetic terms of the bulk σ and Cµν fields in the standard
way. Once this normalization is fixed, the couplings b, c, d can be determined. We discuss
these couplings in Appendix A. The combinations relevant for our discussion here are given
by
bc = 2Nd2 =
N
8π
. (35)
Finally, the coupling a is given by
a =
1
2g2YM
, (36)
20Here we are considering the regime where the effective ’t Hooft coupling is small. Supergravity
duals of N = 2 theories in the regime where the effective ’t Hooft coupling is large were discussed
in [18,19].
21Here we are using the fact that γR = IN . Also, in Tr [Fµν ] only the U(1) contribution is
non-vanishing.
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where gYM is the tree-level Yang-Mills gauge coupling, and the U(N) generators T
A are
normalized as 2Tr
(
TATB
)
= δAB. The Yang-Mills gauge coupling is related to the string
coupling gs via g
2
YM = 2πgs.
As in section IV, we solve classical equations of motion for the fields σ and Cµν (the
latter is a gauge field, so we must use gauge fixing such as ∂µCµν = 0), and integrate them
out of the classical action (34). The resulting effective quantum action is given by (we are
using the momentum representation, and drop higher dimensional terms as well as those
independent of Fµν):
Squbrane = −
∫
d4p
(2π)4
([
a− bc
2π2
∫
d2k
k2
]
Tr [F µν(p) Fµν(−p)] +
d2
π2
∫ d2k
k2 + p2
Tr [F µν(p)] Tr [Fµν(−p)]
)
. (37)
Since only the U(1) subgroup contributes into Tr[Fµν ], we can rewrite the last term in
the above expression in terms of the U(1) field strength fµν (note that the corresponding
generator is IN/
√
2N):
Tr[F µν(p)] Tr[Fµν(−p)] = Tr[fµν(p)] Tr[fµν(−p)] = N Tr[fµν(p) fµν(−p)] . (38)
Thus, we have
Squbrane = −
∫
d4p
(2π)4
([
a− bc
2π2
∫
d2k
k2
]
Tr
[
F̂ µν(p) F̂µν(−p)
]
+[
a− bc
2π2
∫
d2k
k2
+
Nd2
π2
∫
d2k
k2 + p2
]
Tr [fµν(p) fµν(−p)]
)
, (39)
where F̂µν is the SU(N) field strength. Note that the integrals contributing to the f
2
coupling individually are UV divergent. However, since we have (35), the total contribution
is UV finite. On the other hand, the first integral is IR divergent, while the second integral
is IR finite for p2 > 0 (for this latter integral the p2 term in the denominator plays the role
of the IR cut-off). We must therefore introduce an IR cut-off in the first integral. The fact
that the U(1) gauge coupling should not be renormalized then dictates that the IR cut-off
in the first integral must be chosen as follows22:
a− bc
2π2
∫
k2=p2
d2k
k2
+
Nd2
π2
∫
k2=0
d2k
k2 + p2
= a . (40)
The effective quantum action therefore reads:
Squbrane = −
∫
d4p
(2π)4
(
a˜(p2) Tr
[
F̂ µν(p) F̂µν(−p)
]
+ a Tr [fµν(p) fµν(−p)]
)
, (41)
22Here we should point out that the U(1) gauge coupling can in general receive finite (string)
threshold corrections. Here, however, we ignore such corrections as we are interested in the field
theory limit.
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where
2a˜(p2) ≡ 2a− bc
π2
∫ k2=Λ2
k2=p2
d2k
k2
=
1
g2YM
+
β0
16π2
ln
(
Λ2
p2
)
. (42)
This is nothing but the one-loop renormalized Yang-Mills gauge coupling with the β-function
coefficient β0 = −2N .
B. Spontaneously Broken Gauge Symmetry
In this subsection we will discuss the brane-bulk duality in the above model in the case
where the gauge symmetry is spontaneously broken: U(N)→ U(N1)⊗U(N2), N1+N2 = N .
In the field theory language this corresponds to the complex adjoint scalar in the N = 2
vector supermultiplet having an appropriate vacuum expectation value. In the string theory
language this corresponds to splitting the N D3-branes into two stacks of N1 and N2 D3-
branes, and moving them apart by some distance X in the two real directions transverse to
the D-branes untouched by the Z2 orbifold action.
The relevant part of the classical action in this case is given by:
S = −
∫
D31
a Tr[F µν1 F1µν ] + b σ Tr[F
µν
1 F1µν ] + c1 σ + d ǫ
µνσρ Cµν Tr[F1σρ]
−
∫
D32
a Tr[F µν2 F2µν ] + b σ Tr[F
µν
2 F2µν ] + c2 σ + d ǫ
µνσρ Cµν Tr[F2σρ]
−
∫
D3×R2
(
1
2
∂µσ ∂µσ +
1
12
HµνσHµνσ
)
. (43)
The couplings a, b, d are the same as before, while the relevant combinations containing the
couplings c1,2 are now given by
bc1,2 = 2N1,2d
2. (44)
In the following we will assume that the D31,2-branes (that is, the stacks of N1,2 D3-branes)
are located at xi = xi1,2, respectively, in the extra two dimensions. Here x
i, i = 1, 2, are real
coordinates, and in the following we will use the notation X i ≡ xi1 − xi2, X2 ≡ X iX i.
Upon integrating out the bulk fields, we obtain:
Squbrane = −
∫
d4p
(2π)4
([
a− bc1
2π2
∫
d2k
k2
− bc2
2π2
∫
d2k
k2
eik·X
]
Tr [F µν1 (p) F1µν(−p)] +[
a− bc2
2π2
∫
d2k
k2
− bc1
2π2
∫
d2k
k2
eik·X
]
Tr [F µν2 (p) F2µν(−p)] +
d2
π2
∫
d2k
k2 + p2
(
Tr [F µν1 (p)] Tr [F1µν(−p)] + Tr [F µν2 (p)] Tr [F2µν(−p)]
)
+
2d2
π2
∫ d2k
k2 + p2
eik·X Tr [F µν1 (p)] Tr [F2µν(−p)]
)
. (45)
As in the previous subsection, let us separate the U(1) contributions:
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Squbrane = −
∫
d4p
(2π)4
([
a− bc1
2π2
∫
d2k
k2
− bc2
2π2
∫
d2k
k2
eik·X
]
Tr
[
F̂ µν1 (p) F̂1µν(−p)
]
+[
a− bc2
2π2
∫ d2k
k2
− bc1
2π2
∫ d2k
k2
eik·X
]
Tr
[
F̂ µν2 (p) F̂2µν(−p)
]
+[
a− bc1
2π2
∫
d2k
k2
− bc2
2π2
∫
d2k
k2
eik·X +
N1d
2
π2
∫
d2k
k2 + p2
]
Tr [fµν1 (p) f1µν(−p)] +[
a− bc2
2π2
∫
d2k
k2
− bc1
2π2
∫
d2k
k2
eik·X +
N2d
2
π2
∫
d2k
k2 + p2
]
Tr [fµν2 (p) f2µν(−p)] +
2d2
π2
∫
d2k
k2 + p2
eik·X Tr [fµν1 (p)] Tr [f2µν(−p)]
)
. (46)
To further simplify this expression, let us explicitly take the traces over the U(1) generators.
Thus, we have
fµν1 =
1√
2N1
f
µν
1 diag(IN1 , ON2) , (47)
fµν2 =
1√
2N2
f
µν
2 diag(ON1 , IN2) , (48)
where Om is a null m×m matrix, and fµν1,2 are the U(1) field strengths. We therefore obtain:
Squbrane = −
∫
d4p
(2π)4
([
a− bc1
2π2
∫
d2k
k2
− bc2
2π2
∫
d2k
k2
eik·X
]
Tr
[
F̂ µν1 (p) F̂1µν(−p)
]
+[
a− bc2
2π2
∫ d2k
k2
− bc1
2π2
∫ d2k
k2
eik·X
]
Tr
[
F̂ µν2 (p) F̂2µν(−p)
]
+[
a− bc1
2π2
∫
d2k
k2
− bc2
2π2
∫
d2k
k2
eik·X +
N1d
2
π2
∫
d2k
k2 + p2
]
1
2
f
µν
1 (p) f 1µν(−p) +[
a− bc2
2π2
∫
d2k
k2
− bc1
2π2
∫
d2k
k2
eik·X +
N2d
2
π2
∫
d2k
k2 + p2
]
1
2
f
µν
2 (p) f 2µν(−p) +
√
N1N2d
2
π2
∫
d2k
k2 + p2
eik·X f
µν
1 (p) f2µν(−p)
)
. (49)
Here it is convenient to rotate the above U(1)’s to the following basis
f
µν
+ ≡ cos(α)fµν1 + sin(α)fµν2 , (50)
f
µν
− ≡ − sin(α)fµν1 + cos(α)fµν2 , (51)
where
cos(α) =
√
N1
N
, sin(α) =
√
N2
N
. (52)
Here f
µν
+ is the field strength of the overall center-off-mass U(1) in U(N) = SU(N)⊗U(1)+,
while f
µν
− is the field strength of the U(1) in the breaking SU(N) → SU(N1) ⊗ SU(N2) ⊗
U(1)−. Indeed, we have
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fµν1 + f
µν
2 =
1√
2N
f
µν
+ diag (IN1, IN2) +
1√
2N
f
µν
− diag
(
−
√
N2
N1
IN1 ,
√
N1
N2
IN2
)
. (53)
The matrices multiplying f
µν
+ and f
µν
− on the r.h.s. of this equation are nothing but the
properly normalized generators of U(1)+ and U(1)−, respectively.
In the new basis we have∫
d4p
(2π)4
([
a− bc1
2π2
∫
d2k
k2
− bc2
2π2
∫
d2k
k2
eik·X +
N1d
2
π2
∫
d2k
k2 + p2
]
1
2
f
µν
1 (p) f1µν(−p)+[
a− bc2
2π2
∫ d2k
k2
− bc1
2π2
∫ d2k
k2
eik·X +
N2d
2
π2
∫ d2k
k2 + p2
]
1
2
f
µν
2 (p) f 2µν(−p) +
√
N1N2d
2
π2
∫
d2k
k2 + p2
eik·X f
µν
1 (p) f 2µν(−p)
)
=
∫
d4p
(2π)4
(√
N1N2d
2
π2
N1 −N2
N
[∫
d2k
k2 + p2
eik·X −
∫
d2k
k2
eik·X
]
f
µν
+ (p) f−µν(−p)+(
a+
2N1N2
N
d2
π2
[∫
d2k
k2 + p2
eik·X −
∫
d2k
k2
eik·X
])
1
2
f
µν
+ (p) f+µν(−p) +(
a− d
2
Nπ2
[
2N1N2
∫
d2k
k2 + p2
eik·X +
[
N21 +N
2
2
] ∫ d2k
k2
eik·X
])
1
2
f
µν
− (p) f−µν(−p)
)
. (54)
In arriving at this equation we have used (44), as well as the fact that, as we discussed in
the previous subsection, in the integral
∫ d2k
k2
(55)
the IR cut-off is given by k2 = p2, so that
bc1,2
2π2
∫
k2=p2
d2k
k2
− N1,2d
2
π2
∫ d2k
k2 + p2
= 0 . (56)
In fact, the r.h.s. of (54) further simplifies once we go to the field theory limit. This limit
is given by
α′ → 0 , X i → 0 , φi ≡ X
i
α′
= fixed . (57)
In this limit the two stacks of D3-branes come on top of each other, but the gauge symmetry
is still U(N1)⊗U(N2) - the original U(N) gauge group is broken by the adjoint Higgs vacuum
expectation value parametrized by φi. In particular, in this limit we have
∫
d2k
k2 + p2
eik·X −
∫
d2k
k2
eik·X → 0 . (58)
This implies that on the r.h.s. of (54) the f
µν
+ f−µν term goes to zero, the coupling for the
f
µν
+ f+µν term goes to a/2 (that is, this coupling is not renormalized, which is consistent
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with the fact that the overall center-of-mass U(1) should not run), while the coupling for
the f
µν
− f−µν term is renormalized as follows:
a˜−(p
2, φ2) = a− Nd
2
π2
∫
d2k
k2
eik·X . (59)
This coupling, as well as the non-Abelian gauge couplings, need to be regularized. This
regularization, however, depends on whether p2 ≫ φ2 or p2 ≪ φ2. This is because the
aforementioned α′ → 0 limit must be taken differently depending on p2. However, (58)
holds regardless of how the limit is taken.
Collecting the above results we see that the effective quantum action is given by:
Squbrane = −
∫
d4p
(2π)4
(
a˜1(p
2, φ2) Tr
[
F̂ µν1 (p) F̂1µν(−p)
]
+ a˜2(p
2, φ2) Tr
[
F̂ µν2 (p) F̂2µν(−p)
]
+
1
2
a f
µν
+ (p) f+µν(−p) +
1
2
a˜−(p
2, φ2) f
µν
− (p) f−µν(−p)
)
, (60)
where the U(1)− coupling is given by (59), while the non-Abelian couplings are given by:
a˜1(p
2, φ2) = a− bc1
2π2
∫
d2k
k2
− bc2
2π2
∫
d2k
k2
eik·X , (61)
a˜2(p
2, φ2) = a− bc2
2π2
∫
d2k
k2
− bc1
2π2
∫
d2k
k2
eik·X . (62)
As before, the integral (55) is regularized as follows:∫ k2=Λ2
k2=p2
d2k
k2
= π ln
(
Λ2
p2
)
. (63)
However, as we have already mentioned, the regularization of the integral∫
d2k
k2
eik·X (64)
depends upon p2. For p2 ≫ φ2 we take the α′ → 0 limit in the exponent∫
d2k
k2
eik·X →
∫
d2k
k2
, (65)
and regularize the resulting integral as in (63). For p2 ≫ φ2 we therefore have
2a˜1 = 2a˜2 = 2a˜− =
1
g2YM
+
β0
16π2
ln
(
Λ2
p2
)
. (66)
The r.h.s. of this equation is nothing but the one-loop renormalized SU(N) gauge coupling
with the β-function coefficient β0 = −2N . All three gauge couplings, that is, those for
SU(N1), SU(N2) and U(1)−, run together at p
2 ≫ φ2 as at large momenta the effects of the
SU(N)→ SU(N1)⊗ SU(N2)⊗ U(1)− breaking are negligible.
Now, at small momenta p2 ≪ φ2 the α′ → 0 limit must be taken differently. In particular,
in the integral (64) we first redefine the integration variables via ζ i ≡ α′ki. The resulting
integral
21
∫
d2ζ
ζ2
eiζ·φ (67)
must then be regularized for small ζ2. Note that ζ2 has dimension of (length)2, so this is a
UV divergence. The regularized integral (67) is then given by
π ln
(
ξ2Λ2
φ2
)
, (68)
where ξ parametrizes the subtraction scheme dependence (see below). For small momenta
p2 ≪ φ2 we therefore have:
2a˜1 =
1
g2YM
+
β
(1)
0
16π2
ln
(
Λ2
p2
)
+
β
(2)
0
16π2
ln
(
ξ2Λ2
φ2
)
, (69)
2a˜2 =
1
g2YM
+
β
(2)
0
16π2
ln
(
Λ2
p2
)
+
β
(1)
0
16π2
ln
(
ξ2Λ2
φ2
)
, (70)
2a˜− =
1
g2YM
+
β0
16π2
ln
(
ξ2Λ2
φ2
)
, (71)
where β
(1)
0 = −2N1 and β(2)0 = −2N2 are the one-loop beta function coefficients for SU(N1)
and SU(N2), respectively. In the above expressions the terms proportional to ln (ξ
2Λ2/φ2)
correspond to the threshold corrections due to the massive gauge bosons (that is, the gauge
bosons that become heavy in the Higgs mechanism).
As usual, to connect the gauge coupling evolution above and below the threshold, we
need to specify a subtraction scheme. Thus, we can choose the subtraction scheme where
the gauge couplings are matched at the scale p2 = M2, where M is the mass of the heavy
gauge bosons. In particular, this implies that
ξ2 =
φ2
M2
. (72)
We then have the following gauge coupling running. For p2 ≥ M2
2a˜1 = 2a˜2 = 2a˜− =
1
g˜2YM(p
2)
, (73)
where
1
g˜2YM(p
2)
≡ 1
g2YM
+
β0
16π2
ln
(
Λ2
p2
)
, (74)
which is the SU(N) gauge coupling at p2 ≥ M2. For p2 < M2 we have
2a˜1 =
1
g˜2YM(M
2)
+
β
(1)
0
16π2
ln
(
M2
p2
)
, (75)
2a˜2 =
1
g˜2YM(M
2)
+
β
(2)
0
16π2
ln
(
M2
p2
)
, (76)
2a˜− =
1
g˜2YM(M
2)
, (77)
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so that below the threshold the SU(N1) and SU(N2) gauge couplings run with the β-function
coefficients β
(1)
0 = −2N1 and β(2)0 = −2N2, respectively, while the U(1)− gauge coupling does
not run at all.
Thus, using the brane-bulk duality approach we reproduce the expected perturbative
running of gauge couplings in the corresponding N = 2 gauge theories. In the brane-
bulk duality approach, however, we do not perform any loop computations. Rather, the
information about the loop corrections in gauge theory is encoded in the corresponding
classical higher dimensional field theory. This is a consequence of the fact that the brane-
bulk duality simply follows from the closed-open string duality.
Before we end this subsection, the following remark is in order. In the above computa-
tions we had to regularize various (logarithmically) divergent integrals. The corresponding
regularizations depend upon the four-dimensional momentum squared. For instance, in this
subsection we saw that the regularization of the integrals containing the information about
the threshold depends on whether p2 is above or below the threshold. In particular, the
details of the corresponding regularization are somewhat different from what happens in
the direct loop computation in the field theory language. This appears to be a common
feature of string theory embeddings of gauge theories as far as computations of, say, gauge
coupling running are concerned. In particular, to reproduce the gauge coupling running, it
appears to be necessary to introduce an (IR) cut-off which is p2 dependent. This appears to
be a consequence of the fact that such computations are typically done within the on-shell
formulation of string theory23.
C. Cases with Matter
For completeness in this subsection we would like to briefly discuss examples of N =
2 gauge theories with matter. The simplest examples of this type are obtained via the
aforementioned Z2 orbifold construction with the twisted Chan-Paton matrix given by γR =
diag(IN1 ,−IN2), where N1 +N2 = N . In this case the gauge group is U(N1)⊗ U(N2), and
we have matter hypermultiplets in (N1,N2)(+1,−1) and (N1,N2)(−1,+1), where the U(1)
charges are given in parentheses. Note that all N D3-branes are now coincident, and the
gauge symmetry is broken due to the non-trivial orbifold action on the Chan-Paton factors.
The relevant part of the classical action is given by (for simplicity the matter field
contributions are not shown, and we use the notation F µν = diag(F µν1 , F
µν
2 )):
S = −
∫
D3
(
a Tr [F µνFµν ] + b σ Tr [γR F
µνFµν ] + Tr(γR) ĉ σ + d ǫ
µνσρ Cµν Tr [γR Fσρ]
)
−
∫
D3×R2
(
1
2
∂µσ ∂µσ +
1
12
HµνσHµνσ
)
=
−
∫
D3
(
a
[
Tr
[
F µν1 F1µν
]
+ Tr [F µν2 F2µν ]
]
+ b σ
[
Tr [F µν1 F1µν ]− Tr [F µν2 F2µν ]
]
+(N1 −N2) ĉ σ + d ǫµνσρ Cµν
[
Tr [F1σρ]− Tr [F2σρ]
])
23We would like to thank Tom Taylor for a discussion on this issue.
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−
∫
D3×R2
(
1
2
∂µσ ∂µσ +
1
12
HµνσHµνσ
)
, (78)
where the couplings a, b, d are the same as before, while
bĉ = 2d2 . (79)
Note that for N1 = 0 or N2 = 0 we recover the action (34).
Integrating out the bulk fields, we obtain:
Squbrane = −
∫
d4p
(2π)4
([
a− bĉ
2π2
(N1 −N2)
∫
d2k
k2
]
Tr [F µν1 (p) F1µν(−p)] +[
a− bĉ
2π2
(N2 −N1)
∫
d2k
k2
]
Tr [F µν2 (p) F2µν(−p)] +
d2
π2
∫ d2k
k2 + p2
(Tr[F µν1 (p)]− Tr[F µν2 (p)]) (Tr[F1µν(−p)]− Tr[F2µν(−p)])
)
. (80)
The U(1) contributions can be extracted as in the previous subsection, and, in fact, all the
corresponding normalizations are exactly the same as before. We therefore obtain:
Squbrane = −
∫
d4p
(2π)4
(
a˜1(p
2) Tr
[
F̂ µν1 (p) F̂1µν(−p)
]
+ a˜2(p
2) Tr
[
F̂ µν2 (p) F̂2µν(−p)
]
+
1
2
a f
µν
+ (p) f+µν(−p) +
1
2
a˜−(p
2) f
µν
− (p) f−µν(−p)
)
, (81)
where the U(1)− coupling is given by
2a˜− =
1
g2YM
+
β
(−)
0
16π2
ln
(
Λ2
p2
)
, (82)
while the non-Abelian couplings are given by
2a˜1,2 =
1
g2YM
+
β
(1,2)
0
16π2
ln
(
Λ2
p2
)
, (83)
where β
(−)
0 = 2N is the U(1)− one-loop β-function coefficient, while β
(1)
0 = −2(N1−N2) and
β
(2)
0 = −2(N2 − N1) are the one-loop β-function coefficients for the SU(N1) and SU(N2)
subgroups, respectively. Thus, as we see, once again, we correctly reproduce the running of
the gauge couplings for the SU(N1)⊗SU(N2)⊗U(1)− subgroup (the overall center-of-mass
U(1)+ does not run as there is no matter charged under it).
Note that the twisted tadpole for σ vanishes for N1 = N2, that is, for Tr(γR) = 0.
The non-Abelian one-loop β-function coefficients in this case vanish. The U(1)− one-loop
β-function coefficient, however, is still non-vanishing, so the U(1)− gauge coupling runs. In
the large N limit U(1)− decouples in the IR, and we are left with an N = 2 superconformal
field theory.
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VI. EXAMPLES WITH N = 1 SUPERSYMMETRY
In this section we would like to discuss the brane-bulk duality in N = 1 supersymmetric
theories of the type discussed in subsection IIIA. Thus, let us consider the example where
Γ = Z2 ⊗ Z2, and the action of the generators R1 and R2 of the two Z2’s on the complex
coordinates zα on M = C3/Γ is given by (here R3 ≡ R1R2)
Rα : −zβ → (−1)δαβzβ . (84)
Let us choose the twisted Chan-Paton matrices as follows: γR1 = diag(IN1, IN2), γR2 =
γR3 = diag(IN1 ,−IN2), where N1+N2 = N . In this case we have the N = 1 supersymmetric
U(N1)⊗U(N2) gauge theory with chiral matter in (N1,N2)(+1,−1) and (N1,N2)(−1,+1),
where the U(1) charges are given in parentheses. Note that all N D3-branes are coincident,
and the gauge symmetry is broken due to the non-trivial orbifold action on the Chan-Paton
factors. For N1 = N2 we have an N = 1 theory of the type discussed in subsection IIIA. In
particular, in the planar limit the correlation functions in this theory are the same as in the
parent N = 2 supersymmetric gauge theory with U(N) gauge group and no matter. We
can therefore discuss this theory in the context of the brane-bulk duality as in the large N
limit we have the corresponding non-renormalization theorem beyond the one-loop order.
For calculational convenience in the following we will keep N1 and N2 arbitrary. The
calculation of the one-loop effective quantum action then gives a correct result even for
N1 6= N2, but only for N1 = N2 do we have the non-renormalization theorem beyond the
one-loop order. The relevant part of the classical action is given by (for simplicity the matter
field contributions are not shown, and we use the notation F µν = diag(F µν1 , F
µν
2 )):
S = −
∫
D3
(
a Tr [F µνFµν ]
+
1√
2
∑
α
[
b σα Tr [γRα F
µνFµν ] + Tr(γRα) ĉ σα + d ǫ
µνσρ Cαµν Tr [γRα Fσρ]
])
−∑
α
∫
D3×Fα
(
1
2
∂µσα ∂µσα +
1
12
Hµνσα Hαµνσ
)
, (85)
where the couplings a, b, ĉ, d are the same as before, and the overall factor of 1/
√
2 is due
to the fact that the Rα twisted fields σα and C
µν
α now propagate in R
1,3 × Fα, where each
fixed point set Fα is an orbifold R2/Z2.
Integrating out the bulk fields, we obtain:
Squbrane = −
∫
d4p
(2π)4
([
a− bĉ
4π2
(3N1 −N2)
∫
d2k
k2
]
Tr [F µν1 (p) F1µν(−p)] +[
a− bĉ
4π2
(3N2 −N1)
∫
d2k
k2
]
Tr [F µν2 (p) F2µν(−p)] +
d2
2π2
∫
d2k
k2 + p2
(Tr[F µν1 (p)] + Tr[F
µν
2 (p)]) (Tr[F1µν(−p)] + Tr[F2µν(−p)])
d2
π2
∫
d2k
k2 + p2
(Tr[F µν1 (p)]− Tr[F µν2 (p)]) (Tr[F1µν(−p)]− Tr[F2µν(−p)])
)
. (86)
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The U(1) contributions can be extracted as in the previous section, and, in fact, all the
corresponding normalizations are exactly the same as before. We therefore obtain:
Squbrane = −
∫
d4p
(2π)4
(
a˜1(p
2) Tr
[
F̂ µν1 (p) F̂1µν(−p)
]
+ a˜2(p
2) Tr
[
F̂ µν2 (p) F̂2µν(−p)
]
+
1
2
a f
µν
+ (p) f+µν(−p) +
1
2
a˜−(p
2) f
µν
− (p) f−µν(−p)
)
, (87)
where the U(1)− coupling is given by
2a˜− =
1
g2YM
+
β
(−)
0
16π2
ln
(
Λ2
p2
)
, (88)
while the non-Abelian couplings are given by
2a˜1,2 =
1
g2YM
+
β
(1,2)
0
16π2
ln
(
Λ2
p2
)
, (89)
where β
(−)
0 = N is the U(1)− one-loop β-function coefficient, while β
(1)
0 = −(3N1−N2) and
β
(2)
0 = −(3N2 − N1) are the one-loop β-function coefficients for the SU(N1) and SU(N2)
subgroups, respectively. Thus, we correctly reproduce the running of the gauge couplings
for the SU(N1)⊗SU(N2)⊗U(1)− subgroup (the overall center-of-mass U(1)+ does not run
as there is no matter charged under it).
Note that the twisted tadpole for σ1 does not vanish, so that the non-Abelian part of the
gauge theory is non-conformal even for N1 = N2 ≡ M . In the largeM limit U(1)− decouples
in the IR, and we are left with the N = 2 supersymmetric SU(M) × SU(M) gauge theory
with chiral matter in (M,M) and (M,M).
VII. NON-SUPERSYMMETRIC THEORIES
So far we have been focusing on N = 2 and N = 1 supersymmetric theories. However, in
the large N limit we can also discuss certain non-trivial non-supersymmetric cases as well.
The large N property is crucial here. The reason is that in the cases where the orbifold
group Γ 6⊂ SU(3), we always have twisted NS-NS closed string sectors with tachyons. Their
contributions to the corresponding part of the annulus amplitude (11) is then exponentially
divergent unless we require that
Tr (γa) = 0 , ga 6∈ SU(3) . (90)
Even if this condition is satisfied, we must take the ’t Hooft limit - indeed, otherwise it is
unclear, for instance, how to deal with the diagrams with handles, which contain tachyonic
divergences. In fact, the same applies to some non-planar diagrams without handles, that is,
diagrams where the external lines are attached to more than one boundaries (such diagrams
are subleading in the large N limit).
To obtain well-defined non-supersymmetric non-conformal models, consider an orbifold
group Γ ⊂ Spin(6), which is not a subgroup of SU(3). Let Γ˜ be a non-trivial subgroup of
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Γ such that Γ˜ ⊂ SU(2). We will allow the Chan-Paton matrices γa corresponding to the
twists ga ∈ Γ˜ (which have da = 2) not to be traceless, so that the corresponding N = 2
model is not conformal. However, we will require that the other Chan-Paton matrices γa for
the twists ga 6∈ Γ˜ be traceless. The resulting non-supersymmetric model is not conformal.
However, in the planar limit the perturbative gauge theory amplitudes are not renormalized
beyond one loop (as usual, various running U(1)’s decouple in the IR in this limit). The
proof of this statement is completely parallel to that we gave in subsection IIIA for N = 1
theories.
Let us consider a simple example of such a theory. Let Γ ≈ Z2 ⊗ Z3, where the action
of the generators R and θ of the Z2 respectively Z3 subgroups on the complex coordinates
zα on M = C3/Γ is as follows: R : z1 → z1, R : z2,3 → −z2,3, θ : z1 → ωz1, θ : z2,3 → z2,3,
where ω ≡ exp(2πi/3). The twisted Chan-Paton matrices are given by: γR = I3N , γθ =
diag(IN , ωIN , ω
−1IN). Then the theory is a non-supersymmetric U(N)⊗U(N)⊗U(N) gauge
theory with matter consisting of complex scalars in (N,N, 1), (1,N,N) and (N, 1,N), as
well as chiral fermions in the above representations plus their complex conjugates.
The gauge coupling renormalization in this model can be discussed in complete parallel
with the previous sections. Since the U(1)’s decouple in the IR in the large N limit, we
will ignore them in the following24. Then the relevant part of the classical action is given
by (for simplicity the matter field contributions are not shown, and we use the notation
F µν = diag(F µν1 , F
µν
2 , F
µν
3 )):
S = −
∫
D3
(
a Tr
[
F̂ µνF̂µν
]
+
1√
3
[
b σ Tr
[
γR F̂
µνF̂µν
]
+ Tr(γR) ĉ σ
])
−
∫
D3×F
1
2
∂µσ ∂µσ , (91)
where the couplings a, b, ĉ are the same as before, and the overall factor of 1/
√
3 is due to
the fact that the R twisted field σ now propagates in R1,3×F , where the fixed point set F
is an orbifold R2/Z3.
Integrating out the bulk fields, we obtain (r = 1, 2, 3):
Squbrane = −
∫
d4p
(2π)4
∑
r
a˜r(p
2) Tr
[
F̂ µνr (p) F̂rµν(−p)
]
, (92)
where the non-Abelian couplings are given by
2a˜r =
1
g2YM
+
β
(r)
0
16π2
ln
(
Λ2
p2
)
. (93)
Here β
(r)
0 = −2N are the one-loop β-function coefficients for the SU(N) subgroups25.
24As we saw in the previous sections, U(1) runnings at one loop receive contributions from non-
planar diagrams with the two external lines corresponding to the U(1) gauge bosons attached to
two different boundaries. Note, however, that these contributions are due to R-R exchanges (and
the R-R sectors do not contain tachyons), so that tachyons do not contribute to this.
25Here we should point out that, if the parent N = 2 theory has no matter hypermultiplets,
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VIII. COMMENTS ON NON-PERTURBATIVE BRANE-BULK DUALITY
In the previous sections we discussed the brane-bulk duality in the context of N = 2
as well as certain N = 1 and N = 0 large N non-conformal gauge theories. In particular,
we saw that in the planar limit perturbatively (on-shell) correlators in the corresponding
N = 0, 1 theories are the same as in the parent N = 2 theories. Moreover, the one-loop
effective quantum action in such theories, which in the large N limit is not perturbatively
renormalized beyond one-loop, can be computed by performing a classical computation in
a higher dimensional field theory. In this section we would like to discuss whether the
non-perturbative corrections modify the brane-bulk duality picture in such theories.
One of the key simplifying features here is the large N limit. Thus, let us consider the
N = 2 supersymmetric SU(N) gauge theory without matter. In this theory the low energy
effective action can be described in terms of a prepotential F , which perturbatively does not
receive corrections beyond one loop. The non-perturbative corrections come from instantons
[20]:
Fnon−pert =
∞∑
k=1
FkΛ2Nk∗ , (94)
where Λ∗ is the dynamically generated scale of the theory:
Λ∗ = µ exp
(
8π2
g2YM(µ)β0
)
. (95)
Here gYM(µ) is the Yang-Mills gauge coupling at some high scale µ, and β0 = −2N is the
one-loop β-function coefficient. Thus, the instanton corrections are weighted with
Λ2Nk∗ = µ
2Nk exp
(
−8π
2Nk
λ(µ)
)
, (96)
where λ(µ) ≡ g2YM(µ)N is the effective ’t Hooft coupling. Note that these weights go to zero
in the ’t Hooft limit, which implies that the low energy effective action is not renormalized
beyond one loop in the large N limit.
Next consider the N = 1 and N = 0 orbifold theories discussed in subsection IIIA (as
well as section VI) and section VII, respectively. Due to their underlying N = 2 structure, in
these theories we might hope that the non-perturbative corrections to the low energy effective
action also vanish in the large N limit. If so, then we have non-trivial statements about
infinitely many non-trivial N = 0, 1 gauge theories, in particular, that in such theories the
low energy effective action is not renormalized beyond one loop in the planar limit. Checking
this conjecture in the non-supersymmetric case is rather non-trivial, but in N = 1 cases we
can perform some partial checks. In particular, this conjecture implies that in the large N
regardless of whether the final model hasN = 0 orN = 1 supersymmetry, in the above construction
the one-loop β-function coefficients for the non-Abelian subgroups are always given by β˜0/|Γ|, where
β˜0 is the one-loop β-function coefficient of the non-Abelian subgroup in the parent N = 2 theory.
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limit the superpotential should not receive non-perturbative corrections, so that the classical
superpotential should be exact as the superpotential does not receive any loop corrections
in N = 1 supersymmetric theories. This statement can indeed be checked explicitly for
such theories. Instead of being most general, here we will consider the simplest example of
such an N = 1 theory (other N = 1 cases can be discussed in a similar fashion). Thus,
consider the example discussed in section VI. In this example we have N = 1 supersymmetric
SU(N) ⊗ SU(N) gauge theory with chiral matter supermultiplets in (N,N), and (N,N).
To simplify the discussion, let us take the gauge coupling of the second SU(N) factor to
be much smaller than that of the first one. Then the second SU(N) can be treated as the
global symmetry group for the first SU(N), and we have the SU(N) gauge theory with N
flavors of quarks Qi, Qj¯ , i, j¯ = 1, . . . , N , where Q
i and Qj¯ transform in the fundamental N
respectively anti-fundamental N of the gauge group SU(N). The low energy dynamics is
described in terms of the gauge invariant degrees of freedom given by the mesons M ij¯ and
baryons B,B [21]:
M ij¯ ≡ QiQj¯ , (97)
B ≡ ǫi1...iNQi1 · · ·QiN , (98)
B ≡ ǫj¯1...j¯NQj¯1 · · ·Qj¯N . (99)
The classical moduli space in this theory receives quantum corrections, which can be ac-
counted for via the following superpotential (here A is a Lagrange multiplier related to the
“glueball” field via AΛ2N∗ =W
αWα) [21]:
Wnon−pert = A
(
det(M)− BB − Λ2N∗
)
, (100)
where Λ∗ is the dynamically generated scale of the theory, which is given by:
Λ∗ = µ exp
(
− 4π
2
λ(µ)
)
. (101)
Once again, Λ2N∗ goes to zero in the large N limit, so that the classical constraint
det(M)− BB = 0 (102)
is unmodified in this limit. Thus, in this theory the classical superpotential, which vanishes,
is indeed exact in the large N limit26.
The above discussion suggests that the brane-bulk duality discussed in the previous sec-
tions in the context of the aforementioned gauge theories might hold even non-perturbatively,
so that the corresponding low energy effective quantum action is not renormalized beyond
one loop in the large N limit.
26On the other hand, it is not completely clear how to check whether there are no non-perturbative
corrections to the Ka¨hler potential.
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IX. CONCLUDING REMARKS
We would like to end our discussion with a few concluding remarks. First, one natural
generalization we can consider is to extend the above discussion to the cases containing
SO/Sp gauge groups. This can be done via orientifolding, that is, by including orientifold
planes in the setup of section II in the spirit of [3]. In the N = 2 cases we expect no
subtleties, but in the N = 1 cases with twists with da = 0 some caution is needed [3] due to
the subtleties discussed in [22,23].
Another point we would like to comment on is the following. Recently, in the brane world
context [24–40], it was pointed out in [38,39] that the Einstein-Hilbert term is generically
expected to be induced via loop corrections on a brane as long as the brane world-volume
theory is not conformal. Subsequently, it was argued in [40] that this effect should arise in
the context of non-conformal gauge theories from D3-brane, in particular, this is expected
to be the case in theories discussed in this paper. It would be interesting to see whether
the brane-bulk duality can be used for simplifying computation of such corrections on the
D3-branes.
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APPENDIX A: BRANE-BULK COUPLINGS
In section V we used various brane-bulk couplings in the Z2 orbifold examples. These
couplings can be computed within the boundary state formalism, where one computes the
couplings of the boundary states to the twisted closed string states in the presence of non-
trivial D-brane field backgrounds [41–44]. Here, however, since we only need the couplings
relevant for the one-loop corrections in the gauge theory language, we will take a shortcut
and deduce these couplings using the annulus amplitude in the presence of D-brane field
backgrounds.
The annulus amplitude in the light-cone gauge is given by (here R is the generator of
the Z2 orbifold twist):
C =
∫ ∞
0
dt
t
Tr
[
1 +R
2
1− (−1)F
2
e−2πtL0
]
. (A1)
Here we assume that we have a non-trivial constant background gauge field along the brane.
The annulus amplitude C then is almost the same as in the case without the background
field, which we discussed in section II, with the difference that some of the open string
oscillator modings are modified [41]. For our purposes here it will suffice to consider the
background field of the form (Fµν , µ, ν = 0, 1, 2, 3, is the D3-brane gauge field strength):
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F23 = BQ , (A2)
where Q is a Cartan generator of the U(N) gauge group, which we will take to be Hermitian.
Let qα, α = 1, . . . , N , be the eigenvalues of Q. It is convenient to introduce complex
combinations of the world-sheet bosonic and fermionic degrees of freedom corresponding to
the directions µ = 2, 3 (so that instead of two real world-sheet bosons and two real world-
sheet fermions corresponding to these directions we have one complex world-sheet boson and
one complex world-sheet fermion). Then the modings of these complex world-sheet degrees
of freedom are modified as follows (modings of other world-sheet degrees of freedom are
unchanged):
r → r +∆αβ , (A3)
where ∆αβ is given by:
∆αβ =
1
π
[arctan (2πα′Bqα)− arctan (2πα′Bqβ)] . (A4)
Here the indices α, β label the two ends of the open string.
The cylinder amplitude is given by [42]:
C =
∫ ∞
0
dt
t
1
8π2α′t
∑
α,β
(qα − qβ)B
2π
[Uαβ + Tαβ] e
− t
2piα′
X2
αβ , (A5)
where X2αβ is square of the distance (in the two real extra directions untouched by the
orbifold) between the D3-branes labeled by α and β. The factor of 8π2α′t in the denominator
comes from the bosonic zero modes in the directions µ = 0, 1. The factor (qα − qβ)B/2π
can be understood from the requirement that in the B → 0 limit we must reproduce the
corresponding answer (see below). In particular, the untwisted character Uαβ and the twisted
character Tαβ are given by
27 (for simplicity the indices α, β are not shown):
U =
1
4η6(q) Z
−1/2+∆
−1/2
[
Z∆0 [Z
0
0 ]
3 − Z∆−1/2 [Z0−1/2]3
−Z−1/2+∆0 [Z−1/20 ]3 + Z−1/2+∆−1/2 [Z−1/2−1/2 ]3
]
, (A6)
T =
1
η2(q) Z
−1/2+∆
−1/2 [Z
−1/2
0 ]
2
[
Z∆0 Z
0
0 [Z
0
−1/2]
2 − Z∆−1/2 Z0−1/2 [Z00 ]2
−Z−1/2+∆0 Z0−1/2 [Z−1/2−1/2 ]2 + Z−1/2+∆−1/2 Z−1/2−1/2 [Z0−1/2]2
]
. (A7)
Here the characters Zvu are the usual complex fermion characters (−1/2 ≤ v < 1/2, q ≡
exp(−2πt)):
27Here we should note that there is some freedom in choosing the phases multiplying the terms
containing Z
−1/2
−1/2 . Thus, for instance, we could have chosen the phase of the last term in the square
brackets in (A6) as −1 instead of +1. Note, however, that these phases do not affect our results
here as the terms they multiply are vanishing (Z
−1/2
−1/2 = 0).
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Zvu ≡ q
1
2
v2− 1
24
∞∏
m=1
(
1 + qm+v−
1
2 e−2πiu
) (
1 + qm−v−
1
2 e2πiu
)
. (A8)
In particular, note that the character Z
−1/2+∆
−1/2 in the denominators in (A6) and (A7) in the
B → 0 limit becomes:
Z
−1/2+∆
−1/2 → 2πt∆
1
η2(q)
. (A9)
Combining this with the aforementioned factor (qα−qβ)B/2π gives the following contribution
(qα − qβ)B
4π2∆αβ t
1
η2(q)
→ 1
8π2α′t
1
η2(q)
, (A10)
which precisely corresponds to the bosonic zero modes plus oscillators in the µ = 2, 3 direc-
tions in the absence of the gauge field background.
Here we would like to extract couplings of the massless closed string states to the D-
branes. This can be done by extracting the leading behavior of the annulus amplitude for
t→ 0. Using modular transformation properties of the above characters, we obtain:
U ∼ t
3
sin(π∆)
{[
2− sin2(π∆)
] ∣∣∣
NS−NS
− 2 cos(π∆)
∣∣∣
R−R
}
, (A11)
T ∼ 2t
sin(π∆)
{
1
∣∣∣
NS−NS
− cos(π∆)
∣∣∣
R−R
}
, (A12)
where individual contributions due to the NS-NS and R-R exchanges are shown.
Here we are interested in the brane-bulk couplings involving at most quadratic terms in
the gauge field strength Fµν . Then the relevant terms in the small B limit are given by:
U ∼ 2t
3
π∆
[
1− 1
3
(π∆)2
] {
1
∣∣∣
NS−NS
− 1
∣∣∣
R−R
}
, (A13)
T ∼ t
π∆
[
1− 1
3
(π∆)2
] {[
2 + (π∆)2
] ∣∣∣
NS−NS
− 2
∣∣∣
R−R
}
. (A14)
Using the fact, which follows from (A4), that to the relevant order
1
π∆αβ
[
1− 1
3
(π∆αβ)
2
]
=
1 + (2πα′B)2qαqβ
(2πα′B)(qα − qβ) , (A15)
we obtain the following massless untwisted respectively massless twisted closed string con-
tributions into the annulus amplitude
C˜U = 1
(4π2α′)2
{
1
∣∣∣
NS−NS
− 1
∣∣∣
R−R
}∑
α,β
[
1 + (2πα′B)2qαqβ
] ∫ ∞
0
dt t e−
t
2piα′
X2
αβ , (A16)
C˜T = 1
2(4π2α′)2
∑
α,β
{[
2 + (2πα′B)2
(
q2α + q
2
β
)] ∣∣∣
NS−NS
−
[
2 + 2(2πα′B)2qαqβ
] ∣∣∣
R−R
}
∫ ∞
0
dt
t
e−
t
2piα′
X2
αβ . (A17)
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Note that the integrals in these expressions are related to the corresponding Euclidean
propagators ∆6(X
2
αβ) and ∆2(X
2
αβ):
∆d(y
2) ≡
∫
ddp
(2π)d
eip·y
p2
=
1
4πd/2
∫ ∞
0
ds s
d−4
2 e−sy
2
. (A18)
here y2 ≡ yiyi, i = 1, . . . , d, and pi are the momenta corresponding to the coordinates yi.
As we discussed in section V, the relevant part of the classical action is given by (note
that for the field of the form (A2) terms containing F ∧ F are vanishing):
S = −
∫
D3
(
a Tr [F µνFµν ] + b σ Tr [γR F
µνFµν ] + Tr(γR) ĉ σ + d ǫ
µνσρ Cµν Tr [γR Fσρ]
)
−
∫
D3×R2
(
1
2
∂µσ ∂µσ +
1
12
HµνσHµνσ
)
. (A19)
Here σ is a twisted NS-NS scalar, while Cµν is a twisted two-form (whose field strength is
Hµνσ). The twisted Chan-Paton matrix γR = IN . Note, however, that for generic values of
Xαβ the U(N) gauge group is broken down to U(1)
N . So the D3-branes are not necessarily
coincident in the two transverse dimensions untouched by the orbifold action.
From the tree-level action (A19) we obtain the following twisted massless contributions
quadratic in the gauge field strength (here we are using F µνFµν = 2B
2Q2):
C˜′T = 2bĉ
∑
α,β
2B2
(
q2α + q
2
β
)
∆2(X
2
αβ)
∣∣∣
σ
− 8d2∑
α,β
2B2qαqβ∆2(X
2
αβ)
∣∣∣
Cµν
. (A20)
Note that this expression contains an overall factor of 2 from exchanging the two ends of
the string as we are discussing an oriented string theory. Comparing this expression with
(A17), we obtain:
bĉ = 2d2 =
1
8π
. (A21)
The coupling ĉ can be determined in a similar fashion.
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FIG. 1. A planar diagram.
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